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F. Cohen raised the following question: Determine or estimate a function F(d) SO 
that if we split the integers into two classes at least one class contains, for infinitely 
many values of d, an arithmetic progression of difference d and length F(d). We 
prove F(d) ,< (1 + E) log, d. 
1. INTR~I~U~TI~N 
Denote by w(n) the largest integer so that if we divide the integers 
{ 1,2,..., n} into two classes then at least one of them contains an arithmetic 
progression of I+‘(n) terms. The well-known Van der Waerden’s theorem 
states W(iz) -+ co. No “reasonable” lower bound on I%‘(n) has been found. 
The best upper bound known, due to Berlekamp [I], ErdGs and Lovasz 
(unpublished), asserts that W(rz) <log, n, where log, n denotes the binary 
log of n. 
In connection with Van der Waerden’s theorem Cohen [2] raised the 
following question: Determine or estimate a function F(d) so that if we split 
the integers into two classes at least one class contains, for infinitely many 
values of d, an arithmetic progression of difference d and length F(d). 
Petruska and Szemeredi proved F(d) = O(d”) (unpublished). We improve 
this upper bound showing: 
THEOREM. 
F(d) < (1 + E) log, d 
if d is large enough depending only on E. 
This estimate is “best possible” in sense that any improvement would 
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imply an improvement on the upper bound of w(n). Our proof uses the 
“probabilistic method” and the Compactness argument, so .the following 
question of Spencer has interest: Is there a recursive 2-coloring of the 
integers with F(d) < (1 + E) log, d? 
2. PROOF OF THE THEOREM 
Assume that we are given an arbitrary small but fixed E > 0. 
Let us be given a 2-coloration of the integers. We say that a finite subset 
of the integers has property P if it is monochromatic and forms an arithmetic 
progression of length I and difference d, where I > Z(E) and d < 2Nf13c’ (Z(E) 
will be fixed later). 
LEMMA 1. Suppose that, 2-coloring the integers in any way, somefinite 
subset will have property P. Then there exists a natural number N such thud, 
2-coloring the set {-N, -N-t l,..., N) arbitrarily, some subset of it will have 
property P. 
Lemma 1 is a very special case of a general principle called Compactness 
(see, for example, Problem 14.19 of LovLsz 141). 
The next lemma, due to Spencer [5 1, is a generalization of the well-known 
probabilistic lemma of Lovisz [3]. 
LEMMA 2. Let G be a simple graph on the vertex set V(G) = { I )“.., n 1 
and let an event A, be associated with each vertex i. Suppose that there are 
real numbers x1, x1 ,..., x,,O<xi< 1 such that 
(a) every A, is independent of the set of all Ais for which j is not 
adjacent to i; 
(b) P(Ai) < (1 -Xi) nli,jlEc Xj, i = 1, 2,..., n. 
Then P(& . . &) > 0. 
The proof is given in [5]. 
We remind the reader that the elements of a set-system are called edges 
and the elements of these edges are called points. A set-system is r-uniform if 
every edge has r points. 
IH\ denotes the number of elements of N. 
The chromatic number .of a set-system is the least number k, such that tile 
points can be k-colored so that no set is monochromatic. 
Lovkz j3 ] proved that if every edge of an r-uniform set-system meets at 
most 2’-3 other edges, then the set-system is 2-chromatic. In the general (not 
necessary uniform) case we have the following. 
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LEMMA 3. Let H be a finite set-system such that every edge has at least 
r points (r > 2) and for any point p 
then H is 2-chromatic. 
ProoJ: Let H = {El,..., E,) and color the points of H with red and blue 
at random, independently of each other and with probability 3. Let Ai denote 
the event that E, is monochromatic. 
Then P(A,) = 2-IE’l+l as there are 21Ei’ ways to color Ei and two of these 
come into consideration. Observe that if Ej, ,..., Ejk are disjoint from E,, then 
Ai is independent of A,,,..., Aj,. So if we form G = G(H) such that {i, j} E G 
iff Ei /7 Ej # 0, then this graph and the associated events satisfy condition 
(a) of Lemma 2. 
Moreover, we shall prove that condition (b) is satisfied as well. Indeed, let 
xi = 1 - (1 - (l/r))-IE’f 2-IEil+‘, then 
li,jlEG pEEi i:PEEjeH 
since 
Thus we have 
(1 -Xi) ,iJ6~j> (1 -~i)( 1 -i) ‘Ei’=2-‘Ei’+1=P(Ai), 
so that (b) is satisfied. 
By the application of Lemma 2 we obtain P(zI . . . XJ > 0, i.e., there is a 
2-coloration in which no edge is monochromatic. Thus Lemma 3 is proved. 
We are now ready to prove the Theorem. 
Let H = H(N, E) be the set of those subsets of the interval 
(4, -iv + l,..., Nl which form arithmetic progressions of length 1 and 
difference d, where I < Z(E) and d < 2 r’(1fs). By Lemma 1 it is enough to 
prove that for each N there exists a 2-coloration of {-N, -4 + l,..., N} so 
that no subset has property P, i.e., H = H(N, E) has chromatic number two. 
Lemma 3 gives a sufficient condition of 2-colorability, hence it is enough 
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to verify the condition of Lemma 3. By definition minseH IE! = l(E), 50 We 
must to check that for every point p of H the inequality 
holds with a large enough Z(E). 
With fixed difference d and fixed length 1 there are at most 1 edges of. 
containing a point p, so 
Let Z(C) = lOO[ 1 + l/~‘], then a simple computation shows 
which was to be checked. This completes the proof of the Theorem. 
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